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This paper is dedicated to my colleague and friend Lin Chen 
who has passed away in an accident. 



Abstract. In this note we construct Mabuchi functional and Aubin-Yau 
functionals , on any compact complex surfaces, and establish a num- 

ber of properties. Our construction coincides with the original one in the 
Kahler case. 
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1. Introduction 

Let {X, ui) be a compact Kahler manifold of the complex dimension n. It's known 
that the volume V u depends only on the Kahler class of w, namely, 

f (u + V^ldd<p) n = [ u n 
Jx Jx 

for any real- valued smooth function ip with := u> + \/—\ddtp > 0, because of 
closedness of u>. 

If {X, g) is a compact Hermitian manifold of the complex dimension n, the same 
result does not hold in general. In the Section [21 we consider a function to describe 
such a phenomena, i.e., we define 



Err tlJ (^) := 
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where u is its associated real (1, l)-form. The main result is 

Proposition 1.1. Let (X,g) be a compact Hermitian manifold of the complex 
dimension n and uj its associated real (1, l)-form. If dd(uj k ) = for k = 1,2, then 



oj%= " n =: V u 
x J x 

for any real-valued function cp € C°°(A)r with lo v := u> + \Z—lddtp > 0. 

In Kahler geometry, energy functionals, such as Mabuchi iT-energy functional 
[B] , Aubin-Yau energy functionals [7| , and Chen-Tian energy functionals pQ , play an 
important role in studying Kahler-Einstein metrics and constant scalar curvatures. 
When I was in Yau's Seminar, I asked myself that can we define energy functionals 
on compact complex manifolds? This is one motivation to write down this note. 
Another motivation comes from a question in S.-T. Yau's survey [12] , that find 
necessary and sufficient conditions for a complex manifold to admit a Kahler struc- 
ture. When n = 2, it was settled by Siu [5] or see [5]: A compact complex surface is 
Kahler if and only if its first Betti number is even. In the second part of this note 
we construct Mabuchi functional and Aubin-Yau functionals , J^ Y on any 
compact complex surface. 

Let (X, g) be a compact Hermitian manifold of the complex dimension 2 and w 
be its associated real (1, l)-form. Let 

Vu, := {p G C°°{X)a\u v := u + sf^ddip > 0}. 
For any ip' , p" € V u , we define 



i 
i 



o Jx 
i 



-ldui A (dipt ■ ipt)dt 



o Jx 
i 



v 7 — Tdui A (dipt ■ <Pt)dt 



io Jx 

where ipt is any smooth path in from ip' to ip". Also we set 

Theorem 1.2. The functional C^}(p' ,p") is independent of the choice of the 
smooth path {ipt}o<t<i and satisfies the 1-cocycle condition. In particular 



1 



ip[— V^lduj A dp + V—ldw A dip] . 



IX 

Moreover, for any p £ and any constant C G M, we have 

#(^ + C0 = C.(l-^); 
for any pi,p2 G Vu> and any constant C € M., we have 
£™(p> 1 ,ip 2 + C) = £™(p 1 ,p 2 ) + C- (l 



Err^ ) (( < o) 



V. Tosatti told the author that the same result has implicitly contained in 1101 and [2]. 
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In Scction[4], we construct Aubin-Yau Junctionals on compact complex surfaces. 
Let (X, g) be a compact Hcrmitian manifold of thee complex dimension 2 and ui be 
its associated real (1, l)-form. Set 

A>(v) : = 7777- [ ¥> ■ —V—lduj A dip, 



We define 



W uJx 



B u (ip) := t^j- [ ip ■ yj-lduj A dip. 
* v u> Jx 



:= — I ip(u 2 -Lol) + 2AUv) + 2BUv), 



1 

Vaj Jo Jx 



J£ Y (<P) ■■= — I I <p(u 2 - ut^ds + Au(tp) + B u (ip). 



Theorem 1.3. For any compact Hcrmitian manifold (X,g) of the complex dimen- 
sion 2, we have 

< J™{<p) < 

for any ip € V u , where uj is its associated real (1, l)-form. 

We hope this exposition will give some ideas to study Yau's problem. The author 
are concerning the construction of those functionals on higher dimensional compact 
complex manifolds. 

Acknowledgements. The author would like to thank Valentino Tosatti who 
read this note and pointed out a serious mistake in the first version. Furthermore, 
I also thank Chen-Yu Chi and Ming-Tao Chuan for useful discussion. 

2. Err w MAP on complex manifolds 

Let (A, g) be a compact Hermitian manifold of the complex dimension n and 
write the associated real (1, l)-form as 



uj = v — 1 • g~ ■ dz 1 A dzi . 

Let Vu be the space of all real- valued smooth functions ip <E C°°(A)r so that 
uj + y/^lddip is positive definite on A: 

V w := {<p E C°°(A) R |w + V^Tddip > 0}. 

Also we set 



2.1. Err w map on compact complex manifolds. To such a function ip £ we 
associate the quantity 

(2-1) vm ■■= I < 

Jx 

the volume of X with respect to ip. In particular we set 

(2.2) V u :=K,(0) = [ uj n . 

Jx 
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For X being Kahler, we have = V u ((p) for any cp E V u . In the non-Kahler case, 
it's not in general true. Hence it is reasonable to define 

(2.3) Err u ,(cp):=V a) -V u (<p) = [ u n - f < 

Jx Jx 

A natural question is when does Err^((/?) vanish for any/a ip € "P w ?Clearly there 
exists a smooth real- valued function ^eOg V u such that 

^ =w", sup<p o = 0, 

hence 

(2.4) Err^o) = / u n - f u) n = 0. 

Jx Jx 

This gives us some information about Err w ((^) and motivates us to consider 

(2.5) SupErr„ := sup (Err w Up)) , InfErr^ := inf (Err^ (</?)) . 

In any case, one has 

(2.6) InfErr^ < < SupErr w < / ui n . 

Jx 

It's interesting to find some conditions to guarantee that the equalities hold. To 
study this behavior of Err w we consider the following several natural conditions on 
oj: 

• Condition 1.1: 

(2.7) \J — 1<9cj A duj and V— Idduj are non-negative 

• Condition 1.2: 

(2.8) yj—lduj A duj and \J — Idduj are non-positive 

• Condition 2: 

(2.9) <99(w fc )=0, k=l,2, 

• Condition 3: 

(2.10) d(w n_1 )=0. 

• Condition 4: 

(2.11) dd^ 1 - 1 ) = 0. 

Remark 2.1. Condition 2 was appeared in [4] as a sufficient condition to solving 
the complex Monge- Ampere eguation on Hermitian manifolds. The metric satisfy- 
ing the third condition is called a balanced metric, which naturally appears in string 
theory (V. Tosatti and B. Wenkove [9] solved the complex Monge- Ampere equation 
on Hermitian manifolds with balanced metrics; later, they [101 dropped off the bal- 
anced condition.); When n — 2, this condition is indeed the Kahler condition. A 
metric satisfying Condition 4 is referred to be a Gauduchon metric, and a theorem 
of Gauduchon [3] shows that there exists a Gauduchon metric on every compact 
Hermitian manifold. Notice that Condition 3 implies condition 4, and Condition 2 
is equivalent to dduj = = duj A duj. In particular, Condition 2 implies Condition 
1.1 and Condition 1.2. In our case n = 2, Condition 2 is equivalent to Condition 
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Remark 2.2. For any two forms a of degree \a\ and /3 of degree |/?|, we have 

aA/3 = (-l)l a H/3| / 3 AQ! . 

Also we have 

d(a A (3) = da A [3 + (-l) H a A dp- 
according to types, one deduces 

d(aA/3) = daA/3 + {-l)^aAdp, 
d(aA/3) = daA/3 + {-l)^aAdf3. 

Moreover, if \a\ + \f3\ = 2n — 1, then 

[ a A dp = (-l) l/31 f da A [3 = -(-1)I Q I f da A (3, 
Jx Jx Jx 

[ a A dp = (-l) l/31 f daAP = -(-1)^ [ da A (3. 
Jx Jx Jx 

Those formulae are useful in our computations. 
Theorem 2.3. (i) If to satisfies Condition 1.1, then 

(2.12) InfErr^ = 0. 

(ii) Correspondingly, if uj satisfies Condition 1.2, then 

(2.13) SupErr w = 0. 

(Hi) In particular SupErr w = InfErr w = provided that cu satisfies Condition 2. 

Proof, (i) we knew that Err w (<^o) = for some ifo € V®. To achieve the argument, 
we need only to show that Err w (<y9) > for each function (p e "P°. By definition we 
have 

Err^(^) 

= - / w£ + I cu n = / -^Iddip A^^Aw"- 1 - 4 

J X J X J X i—0 

n—1 „ n— 1 „ 

= S / ^Aa;"- 1 - t A(-v / ^T^) = ^ / \/=Ta(wj, A d"- 1 -') A dip 
i=0 Jx i=0 ^ X 

n—1 

= V / [i ■ <J~ X A du> A oj"- 1 - 1 + J A (n - 1 - z)u;"- 2 -* A Sw] A v 73 !^ 

n—1 „ 

= V / [z-w^ 1 Aoj n - 1 - i + {n-l-i)oj i Aw n - 2 - i ] A duo A V^W<p 

n—1 „ 

= V / v^T [>■(*■ wjT 1 A w"- 1 - 4 + (n - 1 - i) ■ <j A uo n - 2 - 1 ) A ddco 
+ tp-~8(i- lu 1 - 1 A u n - 1 - t + (n - 1 - i)wj, A u;"- 2 - 1 ) A <9w] 

n-l 

= ^ii+iii) 



i=0 
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where 

li = [ tp-li-UJ 1 - 1 f^to 11 - 1 - 1 + {n - I - i)uj\ 1 Auj n - 2 - l ]A(-V^lddu;), 
Jx 

Jx 

Since y/~lddoj > and p < on X, the first term Ii is non- negative. Applying 
the integration by parts to 7Jj , we deduce 

Ih = [ tp[i{i-l)u 1 - 2 Adu Alo^ 1 - 1 +i{n-l-i)uj i - 1 Aoj n - 2 - 1 Adcj 
Jx 

+ i{n - 1 - ijw*,- 1 A 7>oj A oj n - 2 -' 1 

+ (n-l-i)(n-2- i)uj l v A w n - 3_< A ~8uj] A ^f^^^u 

= j p ■ (J' 2 A uj n - 3 - 1 A - 1)uj 2 + 2i(n - 1 - i)uj v Auj 
J x 

+ (n - 1 - i){n - 2 - A (-- v/^I&J A dcu). 

Since \/—ldto A duj is non-negative and ip is non-positive, it follows that Hi > 0. 
Thus Err w (</?) > for each p € V% and therefore InfErr w = 0. 

(ii) If uj satisfies Condition 1.2, the above proceeding gives that Err^^) < for 
each ip G V°, i.e., SupErr w < 0. Hence SupErr w = 0. 

(iii) It's an immediate consequence of (i) and (ii). □ 

Corollary 2.4. If to satisfies Condition 2, then Err w (^) = for any p £ V®. 

Equivalently, in this case, the number V u (cp) — f x uj™ does not depend on the choice 
of p £ Vu; and equals V u — J x LJ n . 

2.2. Vanishing property of Err w map on compact complex surface. Let 

(X, g) be a Hermitian manifold of the complex dimension n and let ui g be its 
associated real (1, l)-form. We say that g is a Gauduchon metric if 99(w™ _1 ) = 0. 
We recall a theorem of Gauduchon [3] or see Remark l2.ll 

Theorem 2.5. (Gauduchon, 1984) If X is a compact complex manifold of the 
complex dimension n, then in the conformal class of every Hermitian metric g there 
exists a Gauduchon metric ga, i.e., there is a positive function p £ C°°(X)k such 
that go '■— p ■ g is Gauduchon. If X is connected and n>2, then gs is unique up 
to a positive constants. 

Using the existence of Gauduchon metric, we can prove the following 

Theorem 2.6. Let {X,g) be a compact complex surface with Hermitian metric g 
and let wq be its associated Gauduchon metric. Then 

(2.14) Err WG (<p)=0 

for all p £ V ua . 
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Proof. In what follows, we omit the subscript G and write ujq as uj; since uj is a 
Gauduchon metric, it follows that ddui — 0. In the case of n = 2, we have 

Err w (<,o) = uj 2 - uj 2 = / (uj - uj v )(uj + uj v ) 
Jx Jx Jx 

(uj + u) v ) A — V— Tddip 

x 

—\/—ldd(uj + uj v ) ■ tp 

v 

-2V^Tdduj -<p = 0. 

ix 

Hence the theorem follows. □ 

3. MABUCHI FUNCTIONAL ON COMPLEX SURFACES 

3.1. Mabuchi functional on compact Kahler manifolds. Suppose that 
(X, uj) is a compact Kahler manifold of the complex dimension n. For any pair 

(ip', tp") eP u xP u we define 

as follows: 

(3.i) c^'.^o-^- r / 

Vuj Jo Jx 

where {(ft '■ < t < 1} is any smooth path in V u such that tpo — tp' and tp± = tp". 
For any ip € "P^ we set 

(3-2) £^(^):=C(0^). 

Mabuchi [B] showed that the functional (|3.1[) is well-defined, and hence we can 
explicitly write down C^(tp). 

In this section we extend Mabuchi £jjf functional to any compact complex surface 
by adding two extra terms on the right hand side of (13. ip . 

3.2. Mabuchi C^} functional on compact complex surfaces. Suppose now 
that (X,g) is a compact complex surface and uj be its associated real (1, l)-form. 
Let tp', ip" £ Vu; and {tpt}o<t<i be a smooth path in from ip' to ip" . 

Let 

(3-3) &{<p\<p")~±r f I Vf^-dt. 

*u Jo Jx 

Set 

(3.4) ip(s,t) := s- (p t , < s < 1, < t < 1. 

Consider a 1-form on [0, 1] x [0, 1] 



(3.5) *°:= / -L.a,^ dfl+ / ^-^ di 



Taking differential on "J , we have 

= 1° -alt Ads 
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where 



Directly computing shows 

d 2 ip 



X 



2 , <ty 

dtds ' * ds 



+ -2- • 2 • A V-ldd 



m 



d 2 1p 



In the following we deduce two slightly different formulae of 1° . The first one is 



X 



dip 



+ / -2V^Ta 

J X 

Jx 



dip 
~dt 



dt 
dip 
ds 



x 



d 







dip 

~ds~ 

(dip_ 
( dt 



dip n 
A ww, + — - • du> 
ds 

dip -r- 

A ujtf, + — ■ duo 



Ad 
Ad 



dip 
~dt 

dip 
ds 



-2^\ d -±. duJ Ad 
ds 



dip 



x 



-2^1^- -duo Ad 
dt 



fdip 
\ds 



have 



Similarly, we have 



Next, we define 



(3.7) 



(3.8) 



Voj Jo Jx 



1 



a 2 ■ du; A {dipt ■ ifit)dt, 



V U J 



b 2 ■ duj A (d(f t ■ ift)dt. 



Here we require a 2 — b 2 , and a 2 , b 2 are determined later. As before, consider 



V& 1 = 

^ 2 = 

Therefore 



a 2 duj A ( d 



x 



b 2 duj A d 



x 



dip 

~ds~ 

dip 
~ds~ 



ds 
ds - 



a 2 dto A ( d 



b 2 duj A [ d [ 



x 



dip 
~dt 
(dip_ 
\ dt 



■ ip 



dt, 
dt. 



dV 1 ^I 1 -dtAds 
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where 
(3.9) 



" - IA 



d 

x ds 



dt 



doj A I d ( ^ ) ■ V> 



Dividing I 1 by a 2 yields 

P_ f _ d 

a 2 



x 



dt 



ip) Adu 



d_ 

x ds 



ip ) A dej 



-L 



A doj 
Adu 



In the same way, one deduces 



d^ 2 = I 2 ■ dt A ds, 



and 



b 2 



dip . / dtp 



ds 



Adcu- 



dip ( dip 
K ds 



dt 



A dcu. 



1° 



Combining above formulas, we have 

ji p 

(3.10) - — + — = =. 

a 2 b 2 v^T 

Setting a 2 = — and b 2 = V— I, we get 

I a + I 1 + I 2 = 0. 

Thus 

(3.11) d* = 
where 

* := *° + vp 1 -f v]/ 2 . 
The following theorem is an immediate consequence of the above discussion. 

Theorem 3.1. Let (X,g) be a compact complex surface and lu be its associated real 
(l,l)-form. The functional 

(3.12) CfaV) := ±rf I 

Vu) Jo JX 

/—Iduj A {dipt ■ ifit)dt 



1 

K> Jo Jx 



+ 



v oj JO Jx 



Iduj A {dipt ■ <Pt)dt 
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is independent of the choice of the smooth path {ift}o<t<i- In particular, 

1 

3Wx 



(3.13) 



CM 



4,(0, y) 



tp(w 2 +uj Auj v + u>£) 



1 



2K, j x 



+ — — / ip.[— V^lduj Adip + V—ldu A dtp]. 



Proof. Applying Stocks' theorem to the region A = {(s,f)el 2 :0<s,!<l} and 
using equation (|3.9[) . we have 



d^ 



A 



OA 



(*° + * 1 +* 2 



<i>t -ul t dt- 



l 

Jx 



dA 
90 2 , 

97 ' 



;=i 

i=0 



^ldui A (dipt ■ <ft)dt 



o J x 
i 



-19a; A 9 



o Jx 
i 



9-0 
97 



if) ds 



t=o 



"'A 

1 



J X 



\J — I9w A (90 t • V3t)dt 

9-0 
97 



vMSuA 9 



I ds 



Equivalently, 



rM/,j ,jr\ 



./A 

1 



90 2 *=i 



^lduj A 9 



o Ja 
i 



90 
9s 



■0 I ds 



t=i 



V^Tdu A ( 9 ( ^- ] • if) ) ds 



t=o 
t=i 



It turns out that £^-(ip',ip") is well-defined. For the second argument, we can 



choose the smooth path ipt = t ■ ip, < t < 1. 



□ 



Remark 3.2. When (X,g) is a compact Kahler surface, the functional A3.12\) or 
\3.13\) coincides with the original one. 

Definition 3.3. Suppose that S is a non-empty set and A is an additive group. A 
mapping Af : S x S — > A is said to satisfy the 1-cocycle condition if 

(i) Af(<7i,o- 2 ) +A/"(cr 2 ,CTi) = 0; 

(ii) M(ax,a 2 ) +Af(o- 2 ,o- a ) +J\f{a 3 ,a 1 ) = 0. 

Corollary 3.4. TTie functional satisfies the 1-cocycle condition. 
Corollary 3.5. For any ip G and any constant C € R ; we Ziawe 



(3.14) 



+ <?) = <? 



Err^ (y>) 



In particular, if dduj — 0, then £^f(ip, ip + C) = C 
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Proof. We choose the smooth path ipt = V> + 1 ■ C, t € [0, 1], So 



i r 1 r „ , ,. i ^ 



C™{y,ip + C) = —JJ^C-ul +c . t dt = — J \C-u%dt 



x 



If furthermore 99a; = 0, then Err a) (</j) = for any y> G P^. □ 
Corollary 3.6. For any tpi,ip2 € 'Pw a* 1 ^ o^Z/ constant C€l, we /iaue 
(3.15) + C) = + C • (l - 

Proof. From Corollarv l3.4[ one has 

VI + C) + C(^ 2 , ¥>l) = C(^2, ^2 + C). 

Then the conclusion follows from Corollary 3.5. □ 

4. AUBIN-YAU FUNCTIONALS ON COMPACT COMPLEX SURFACES 

In this section we extend Aubin-Yau functionals to compact complex surfaces, 
including Kahler surfaces, and deduce a number of basic properties of these func- 
tionals. 

4.1. Aubin-Yau functionals on compact Kahler manifolds. Suppose that 
(X,u>) is a compact Kahler manifold of dimension n. For ((p',ip") € V u x V u , 
Aubin-Yau functionals are defined by 

(4.1) 2£V>v") = 4- /(v"-v')K--^»), 

(4.2) J^V) = --CjffaV) + 4" / fo>" 
By definition, we have 

(4.3) J^', p") + ^ AY (^", y/) = Z AY (^', p") = Z AY (^", <p'). 
For any <p € Vu> we set 

(4.4) I AY M = i- / 

(4-5) J A » = f^-^ds=±- f [ V { U »- U l v )d8. 

J0 s *oj JO Jx 

It's clear that 

(4-6) I AY M=Z AY (0,^), J™(<p)=J? l $,H>)- 
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By definition we have 



Vu> Jo Jx i=1 

/ s-ds / yddtpA Vw"- 1 ^ A[w + s( 

JO .-_ n 



i=0 
n-1 



« • da / v aa^J] w"- 1 - 4 A ^ . (1 - ay-'giu* 



Au), 



i=0 j=0 
n— 1 n— 1 / . \ -.1 



3=0 i=j 

n-1 



n-1 



A (i-i)!- (j + l)! 



n— 1 n — 1 

• dd(p a w™- 1 -^ a (A ■ y , 

^ * ^ (* + 2)(i + l) 



(t + 2)! 



i + i 



O) JX 



J=0 
n-1 



r f-j n + l 



Aw?„ 



n — 1 j 

5 (i + 2)(i + l) 



j+1 n + l 



On the other hand, 



n+l 



K 



, Jx^ * t Q n+l 



Hence 
(4.7) 



n + l 



A w? 



3=1 



Moreover, 
(4.8) 



n-1 



AW?, 



Remark 4.1. Notice that formulae J^.7[ ) and J^.<^[ ) are a/so vaZid w/ien w is non- 
ifdTiZer. 
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4.2. Aubin-Yau functionals over compact complex surfaces. Let (X,g) be 
a compact complex manifold of the complex dimension n and uj be its associated 
real (1, l)-form. From Remark 4.1, we can formally use the notion Z£ Y , J^ Y , and 
£jf , but now oj may not be Kahler. Precisely, for any <p G we set 



(4.9) T%{v) = ±- [ <p{u, n -u$ 

v u Jx 



(4-10) J$(<p) = / ~ds = - V {u n -u%)ds. 

Jo s v ^ Jo Jx 

Hence 
(4-11) 

Moreover, 

(4.12) (n+l)^( V )-X^M 

= — / ^-^AVfn-l-iK- 1 -^^. 
Jv J=0 

Restricting to compact complex surfaces and introducing two extra functionals 
on Vuj 

(4.13) AU<P) ■= ^TT [ f-V^BuAdip, 

(4.14) B u (tp) := JL [ p^A3 ft 

(clearly Aj(^) = (<£>)), we define Aubin-Yau functionals as follows (Here con- 
stants a, b, c, d are determined later, and actually a = b = c = d = 2) 

(4.15) l£ Y (<p) := Z^+a^M+M?^), 



(4.16) j£ (v) := -CM + ^r/ V^+a^^+W 



Since 



1 /* /2 2 1 1 o\ 

it follows that 

(4.17) J^) = J^) + (c - l)A,fo>) + (d l)B u {<p). 
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Using Remark I4~T1 or the previous subsection, we deduce 

- aJL(ip) - bB u (<p)) - {J» Y (<f) - (c - l)M<P) -iA- l)B u (<p)) 



V u Jx „•_-, 



A w> 



3=1 

Tddtp) 



Vui J X 6 



Thus the left hand side has two slightly different expressions. If we adopt the first 
one, we have 



f 



3VL jx 



f 



— / V-ldfa-ujAdtp = - Tr 



3VL 



^T(9(^ A cj^ + y> • <9w) A <9y> 



Tc?<£ A dip A uj v ~ -Au((f)- 



On the other hand, using the second expression gives 
2 



(l AY (ip) - aMf) ~ bBUf)) ~ (Jfiv) - (c - - (d- 1)^M) 



f 



1 



— / -v / -T9(v3 • ui v ) A dip = — 
oVaj J x 6Vu j x 



-ldip A dip A bJ v - -B u (<p)- 



/ ~^\{dip A bj<p + ip ■ du) A dip 



W u j x 



Therefore 
2 



(l^(cp) - aAufr) - bBM) - (j£ Y (<p) - (c - - (d - i)^M) 



l 



'—Idip A dip A 



or, equivalently, 



(4.18) J^M-^W 



1 

3K 



^-Ydip A dip A lu v 



ui JX 



where we require 
(4.19) 

Theorem 4.2. For any ip £ V^, one has 
(4.20) 



= §6-(d-l)4 



lxF(v)-tf Y M>o. 
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Using (|4~T2|) yields 



i /■ 1 



3 AwJ 



— / tp-(-V-ldd(p)Au 



(cp ■ ui) A (—V—lddtp) 



((p-u) A y/—ldd(f. 



u Jx 



As the proof of Theorem 14.21 we have 



3 07<f (¥>) ~ (c - l)A,foO - (d - l)B u (^)) - (2£ Y (?) - o4o,( V ) - &B w fo>)) 
-^j- / y/—ld(<p - to) A dtp = ^7- / v / -T(9< y 5 Aw + ^J- <3w) A cV 



Jx 



1 



(J JV 



— / V-ld(p A dip Au - 2Au(<p) 



and 



3 (J**(<p) - (c - l)A u (v) - (d - 1)B^)) - (# Y M - oA.fc) - MJ w fo>)) 



VL Jx 



—^J—ld{p ■ ui) A dip = 



VL 



— \/^l(dcp A oj + <p ■ duj) A dp 



u jx 



v u J X 



— I v—ldtp A dp A u - 2B u] (p). 



Hence 



3 (J^b) - (c - l)A^{p) - (d - 1)BM) - (X AY (^) - aAUv) - bB u (<p)) 



v uj JX 

Equivalently, 
(4.21) 



1 



— / V-ldpAdipAu- (A»(<p)+Bu{<p)). 



1 



Vui JX 



-ldp A dp A u, 



where we also require 

(4.22) 3(c-l)-o-l = = 3(d-l)-6-l. 

Theorem 4.3. For any <p € V^,, one has 

(4-23) 3jfM-I w AY M>0. 

Combining (|4.19l) and (|4.22|) we obtain the value of those constants: 
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Corollary 4.4. For any compact complex surface (X, g) and any real-valued smooth 
function ip G V u , we have 

\j AY {v) < ^ AY M < J™{*) < §Z* Y M < 2^ AY (^), 

where uj is its associated real (1, l)-form. 
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Abstract. In this note we construct Mabuchi functional and Aubin-Yau 
functionals , on any compact complex surfaces, and establish a num- 

ber of properties. Our construction coincides with the original one in the 
Kahler case. 
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1. Introduction 

Let {X, ui) be a compact Kahler manifold of the complex dimension n. It's known 
that the volume V u depends only on the Kahler class of w, namely, 

f (u + V^ldd<p) n = [ u n 
Jx Jx 

for any real- valued smooth function ip with := u> + \/—\ddtp > 0, because of 
closedness of u>. 

If {X, g) is a compact Hermitian manifold of the complex dimension n, the same 
result does not hold in general. In the Section [21 we consider a function to describe 
such a phenomena, i.e., we define 



Err tlJ (^) := 
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where u is its associated real (1, l)-form. The main result is 

Proposition 1.1. Let (X,g) be a compact Hermitian manifold of the complex 
dimension n and uj its associated real (1, l)-form. If dd(uj k ) = for k = 1,2, then 



oj%= " n =: V u 
x J x 

for any real-valued function cp € C°°(A)r with lo v := u> + \Z—lddtp > 0. 

In Kahler geometry, energy functionals, such as Mabuchi iT-energy functional 
[B] , Aubin-Yau energy functionals [7| , and Chen-Tian energy functionals pQ , play an 
important role in studying Kahler-Einstein metrics and constant scalar curvatures. 
When I was in Yau's Seminar, I asked myself that can we define energy functionals 
on compact complex manifolds? This is one motivation to write down this note. 
Another motivation comes from a question in S.-T. Yau's survey [12] , that find 
necessary and sufficient conditions for a complex manifold to admit a Kahler struc- 
ture. When n = 2, it was settled by Siu [5] or see [5]: A compact complex surface is 
Kahler if and only if its first Betti number is even. In the second part of this note 
we construct Mabuchi functional and Aubin-Yau functionals , J^ Y on any 
compact complex surface. 

Let (X, g) be a compact Hermitian manifold of the complex dimension 2 and w 
be its associated real (1, l)-form. Let 

Vu, := {p G C°°{X)a\u v := u + sf^ddip > 0}. 
For any ip' , p" € V u , we define 



i 
i 



o Jx 
i 



-ldui A (dipt ■ ipt)dt 



o Jx 
i 



v 7 — Tdui A (dipt ■ <Pt)dt 



io Jx 

where ipt is any smooth path in from ip' to ip". Also we set 

Theorem 1.2. The functional C^}(p' ,p") is independent of the choice of the 
smooth path {ipt}o<t<i and satisfies the 1-cocycle condition. In particular 



1 



ip[— V^lduj A dp + V—ldw A dip] . 



IX 

Moreover, for any p £ and any constant C G M, we have 

#(^ + C0 = C.(l-^); 
for any pi,p2 G Vu> and any constant C € M., we have 
£™(p> 1 ,ip 2 + C) = £™(p 1 ,p 2 ) + C- (l 



Err^ ) (( < o) 



V. Tosatti told the author that the same result has implicitly contained in 1101 and [2]. 
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In Scction[4], we construct Aubin-Yau Junctionals on compact complex surfaces. 
Let (X, g) be a compact Hcrmitian manifold of thee complex dimension 2 and ui be 
its associated real (1, l)-form. Set 

A>(v) : = 7777- [ ¥> ■ —V—lduj A dip, 



We define 



W uJx 



B u (ip) := t^j- [ ip ■ yj-lduj A dip. 
* v u> Jx 



:= — I ip(u 2 -Lol) + 2AUv) + 2BUv), 



1 

Vaj Jo Jx 



J£ Y (<P) ■■= — I I <p(u 2 - ut^ds + Au(tp) + B u (ip). 



Theorem 1.3. For any compact Hcrmitian manifold (X,g) of the complex dimen- 
sion 2, we have 

< J™{<p) < 

for any ip € V u , where uj is its associated real (1, l)-form. 

We hope this exposition will give some ideas to study Yau's problem. The author 
are concerning the construction of those functionals on higher dimensional compact 
complex manifolds. 

Acknowledgements. The author would like to thank Valentino Tosatti who 
read this note and pointed out a serious mistake in the first version. Furthermore, 
I also thank Chen-Yu Chi and Ming-Tao Chuan for useful discussion. 

2. Err w MAP on complex manifolds 

Let (A, g) be a compact Hermitian manifold of the complex dimension n and 
write the associated real (1, l)-form as 



uj = v — 1 • g~ ■ dz 1 A dzi . 

Let Vu be the space of all real- valued smooth functions ip <E C°°(A)r so that 
uj + y/^lddip is positive definite on A: 

V w := {<p E C°°(A) R |w + V^Tddip > 0}. 

Also we set 



2.1. Err w map on compact complex manifolds. To such a function ip £ we 
associate the quantity 

(2-1) vm ■■= I < 

Jx 

the volume of X with respect to ip. In particular we set 

(2.2) V u :=K,(0) = [ uj n . 

Jx 
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For X being Kahler, we have = V u ((p) for any cp E V u . In the non-Kahler case, 
it's not in general true. Hence it is reasonable to define 

(2.3) Err u ,(cp):=V a) -V u (<p) = [ u n - f < 

Jx Jx 

A natural question is when does Err^((/?) vanish for any/a ip € "P w ?Clearly there 
exists a smooth real- valued function ^eOg V u such that 

^ =w", sup<p o = 0, 

hence 

(2.4) Err^o) = / u n - f u) n = 0. 

Jx Jx 

This gives us some information about Err w ((^) and motivates us to consider 

(2.5) SupErr„ := sup (Err w Up)) , InfErr^ := inf (Err^ (</?)) . 

In any case, one has 

(2.6) InfErr^ < < SupErr w < / ui n . 

Jx 

It's interesting to find some conditions to guarantee that the equalities hold. To 
study this behavior of Err w we consider the following several natural conditions on 
oj: 

• Condition 1.1: 

(2.7) \J — 1<9cj A duj and V— Idduj are non-negative 

• Condition 1.2: 

(2.8) yj—lduj A duj and \J — Idduj are non-positive 

• Condition 2: 

(2.9) <99(w fc )=0, k=l,2, 

• Condition 3: 

(2.10) d(w n_1 )=0. 

• Condition 4: 

(2.11) dd^ 1 - 1 ) = 0. 

Remark 2.1. Condition 2 was appeared in [4] as a sufficient condition to solving 
the complex Monge- Ampere eguation on Hermitian manifolds. The metric satisfy- 
ing the third condition is called a balanced metric, which naturally appears in string 
theory (V. Tosatti and B. Wenkove [9] solved the complex Monge- Ampere equation 
on Hermitian manifolds with balanced metrics; later, they [101 dropped off the bal- 
anced condition.); When n — 2, this condition is indeed the Kahler condition. A 
metric satisfying Condition 4 is referred to be a Gauduchon metric, and a theorem 
of Gauduchon [3] shows that there exists a Gauduchon metric on every compact 
Hermitian manifold. Notice that Condition 3 implies condition 4, and Condition 2 
is equivalent to dduj = = duj A duj. In particular, Condition 2 implies Condition 
1.1 and Condition 1.2. In our case n = 2, Condition 2 is equivalent to Condition 
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Remark 2.2. For any two forms a of degree \a\ and /3 of degree |/?|, we have 

aA/3 = (-l)l a H/3| / 3 AQ! . 

Also we have 

d(a A (3) = da A [3 + (-l) H a A dp- 
according to types, one deduces 

d(aA/3) = daA/3 + {-l)^aAdp, 
d(aA/3) = daA/3 + {-l)^aAdf3. 

Moreover, if \a\ + \f3\ = 2n — 1, then 

[ a A dp = (-l) l/31 f da A [3 = -(-1)I Q I f da A (3, 
Jx Jx Jx 

[ a A dp = (-l) l/31 f daAP = -(-1)^ [ da A (3. 
Jx Jx Jx 

Those formulae are useful in our computations. 
Theorem 2.3. (i) If to satisfies Condition 1.1, then 

(2.12) InfErr^ = 0. 

(ii) Correspondingly, if uj satisfies Condition 1.2, then 

(2.13) SupErr w = 0. 

(Hi) In particular SupErr w = InfErr w = provided that cu satisfies Condition 2. 

Proof, (i) we knew that Err w (<^o) = for some ifo € V®. To achieve the argument, 
we need only to show that Err w (<y9) > for each function (p e "P°. By definition we 
have 

Err^(^) 

= - / w£ + I cu n = / -^Iddip A^^Aw"- 1 - 4 

J X J X J X i—0 

n—1 „ n— 1 „ 

= S / ^Aa;"- 1 - t A(-v / ^T^) = ^ / \/=Ta(wj, A d"- 1 -') A dip 
i=0 Jx i=0 ^ X 

n—1 

= V / [i ■ <J~ X A du> A oj"- 1 - 1 + J A (n - 1 - z)u;"- 2 -* A Sw] A v 73 !^ 

n—1 „ 

= V / [z-w^ 1 Aoj n - 1 - i + {n-l-i)oj i Aw n - 2 - i ] A duo A V^W<p 

n—1 „ 

= V / v^T [>■(*■ wjT 1 A w"- 1 - 4 + (n - 1 - i) ■ <j A uo n - 2 - 1 ) A ddco 
+ tp-~8(i- lu 1 - 1 A u n - 1 - t + (n - 1 - i)wj, A u;"- 2 - 1 ) A <9w] 

n-l 

= ^ii+iii) 



i=0 
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where 

li = [ tp-li-UJ 1 - 1 f^to 11 - 1 - 1 + {n - I - i)uj\ 1 Auj n - 2 - l ]A(-V^lddu;), 
Jx 

Jx 

Since y/~lddoj > and p < on X, the first term Ii is non- negative. Applying 
the integration by parts to 7Jj , we deduce 

Ih = [ tp[i{i-l)u 1 - 2 Adu Alo^ 1 - 1 +i{n-l-i)uj i - 1 Aoj n - 2 - 1 Adcj 
Jx 

+ i{n - 1 - ijw*,- 1 A 7>oj A oj n - 2 -' 1 

+ (n-l-i)(n-2- i)uj l v A w n - 3_< A ~8uj] A ^f^^^u 

= j p ■ (J' 2 A uj n - 3 - 1 A - 1)uj 2 + 2i(n - 1 - i)uj v Auj 
J x 

+ (n - 1 - i){n - 2 - A (-- v/^I&J A dcu). 

Since \/—ldto A duj is non-negative and ip is non-positive, it follows that Hi > 0. 
Thus Err w (</?) > for each p € V% and therefore InfErr w = 0. 

(ii) If uj satisfies Condition 1.2, the above proceeding gives that Err^^) < for 
each ip G V°, i.e., SupErr w < 0. Hence SupErr w = 0. 

(iii) It's an immediate consequence of (i) and (ii). □ 

Corollary 2.4. If to satisfies Condition 2, then Err w (^) = for any p £ V®. 

Equivalently, in this case, the number V u (cp) — f x uj™ does not depend on the choice 
of p £ Vu; and equals V u — J x LJ n . 

2.2. Vanishing property of Err w map on compact complex surface. Let 

(X, g) be a Hermitian manifold of the complex dimension n and let ui g be its 
associated real (1, l)-form. We say that g is a Gauduchon metric if 99(w™ _1 ) = 0. 
We recall a theorem of Gauduchon [3] or see Remark l2.ll 

Theorem 2.5. (Gauduchon, 1984) If X is a compact complex manifold of the 
complex dimension n, then in the conformal class of every Hermitian metric g there 
exists a Gauduchon metric ga, i.e., there is a positive function p £ C°°(X)k such 
that go '■— p ■ g is Gauduchon. If X is connected and n>2, then gs is unique up 
to a positive constants. 

Using the existence of Gauduchon metric, we can prove the following 

Theorem 2.6. Let {X,g) be a compact complex surface with Hermitian metric g 
and let wq be its associated Gauduchon metric. Then 

(2.14) Err WG (<p)=0 

for all p £ V ua . 
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Proof. In what follows, we omit the subscript G and write ujq as uj; since uj is a 
Gauduchon metric, it follows that ddui — 0. In the case of n = 2, we have 

Err w (<,o) = uj 2 - uj 2 = / (uj - uj v )(uj + uj v ) 
Jx Jx Jx 

(uj + u) v ) A — V— Tddip 

x 

—\/—ldd(uj + uj v ) ■ tp 

v 

-2V^Tdduj -<p = 0. 

ix 

Hence the theorem follows. □ 

3. MABUCHI FUNCTIONAL ON COMPLEX SURFACES 

3.1. Mabuchi functional on compact Kahler manifolds. Suppose that 
(X, uj) is a compact Kahler manifold of the complex dimension n. For any pair 

(ip', tp") eP u xP u we define 

as follows: 

(3.i) c^'.^o-^- r / 

Vuj Jo Jx 

where {(ft '■ < t < 1} is any smooth path in V u such that tpo — tp' and tp± = tp". 
For any ip € "P^ we set 

(3-2) £^(^):=C(0^). 

Mabuchi [B] showed that the functional (|3.1[) is well-defined, and hence we can 
explicitly write down C^(tp). 

In this section we extend Mabuchi £jjf functional to any compact complex surface 
by adding two extra terms on the right hand side of (13. ip . 

3.2. Mabuchi C^} functional on compact complex surfaces. Suppose now 
that (X,g) is a compact complex surface and uj be its associated real (1, l)-form. 
Let tp', ip" £ Vu; and {tpt}o<t<i be a smooth path in from ip' to ip" . 

Let 

(3-3) &{<p\<p")~±r f I Vf^-dt. 

*u Jo Jx 

Set 

(3.4) ip(s,t) := s- (p t , < s < 1, < t < 1. 

Consider a 1-form on [0, 1] x [0, 1] 



(3.5) *°:= / -L.a,^ dfl+ / ^-^ di 



Taking differential on "J , we have 

= 1° -alt Ads 
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where 



Directly computing shows 

d 2 ip 



X 



2 , <ty 

dtds ' * ds 



+ -2- • 2 • A V-ldd 



m 



d 2 1p 



In the following we deduce two slightly different formulae of 1° . The first one is 



X 



dip 



+ / -2V^Ta 

J X 

Jx 



dip 
~dt 



dt 
dip 
ds 



x 



d 







dip 

~ds~ 

(dip_ 
( dt 



dip n 
A ww, + — - • du> 
ds 

dip -r- 

A ujtf, + — ■ duo 



Ad 
Ad 



dip 
~dt 

dip 
ds 



-2^\ d -±. duJ Ad 
ds 



dip 



x 



-2^1^- -duo Ad 
dt 



fdip 
\ds 



have 



Similarly, we have 



Next, we define 



(3.7) 



(3.8) 



Voj Jo Jx 



1 



a 2 ■ du; A {dipt ■ ifit)dt, 



V U J 



b 2 ■ duj A (d(f t ■ ift)dt. 



Here we require a 2 — b 2 , and a 2 , b 2 are determined later. As before, consider 



V& 1 = 

^ 2 = 

Therefore 



a 2 duj A ( d 



x 



b 2 duj A d 



x 



dip 

~ds~ 

dip 
~ds~ 



ds 
ds - 



a 2 dto A ( d 



b 2 duj A [ d [ 



x 



dip 
~dt 
(dip_ 
\ dt 



■ ip 



dt, 
dt. 



dV 1 ^I 1 -dtAds 
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where 
(3.9) 



" - IA 



d 

x ds 



dt 



doj A I d ( ^ ) ■ V> 



Dividing I 1 by a 2 yields 

P_ f _ d 

a 2 



x 



dt 



ip) Adu 



d_ 

x ds 



ip ) A dej 



-L 



A doj 
Adu 



In the same way, one deduces 



d^ 2 = I 2 ■ dt A ds, 



and 



b 2 



dip . / dtp 



ds 



Adcu- 



dip ( dip 
K ds 



dt 



A dcu. 



1° 



Combining above formulas, we have 

ji p 

(3.10) - — + — = =. 

a 2 b 2 v^T 

Setting a 2 = — and b 2 = V— I, we get 

I a + I 1 + I 2 = 0. 

Thus 

(3.11) d* = 
where 

* := *° + vp 1 -f v]/ 2 . 
The following theorem is an immediate consequence of the above discussion. 

Theorem 3.1. Let (X,g) be a compact complex surface and lu be its associated real 
(l,l)-form. The functional 

(3.12) CfaV) := ±rf I 

Vu) Jo JX 

/—Iduj A {dipt ■ ifit)dt 



1 

K> Jo Jx 



+ 



v oj JO Jx 



Iduj A {dipt ■ <Pt)dt 
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is independent of the choice of the smooth path {ift}o<t<i- In particular, 

1 

3Wx 



(3.13) 



CM 



4,(0, y) 



tp(w 2 +uj Auj v + u>£) 



1 



2K, j x 



+ — — / ip.[— V^lduj Adip + V—ldu A dtp]. 



Proof. Applying Stocks' theorem to the region A = {(s,f)el 2 :0<s,!<l} and 
using equation (|3.9[) . we have 



d^ 



A 



OA 



(*° + * 1 +* 2 



<i>t -ul t dt- 



l 

Jx 



dA 
90 2 , 

97 ' 



;=i 

i=0 



^ldui A (dipt ■ <ft)dt 



o J x 
i 



-19a; A 9 



o Jx 
i 



9-0 
97 



if) ds 



t=o 



"'A 

1 



J X 



\J — I9w A (90 t • V3t)dt 

9-0 
97 



vMSuA 9 



I ds 



Equivalently, 



rM/,j ,jr\ 



./A 

1 



90 2 *=i 



^lduj A 9 



o Ja 
i 



90 
9s 



■0 I ds 



t=i 



V^Tdu A ( 9 ( ^- ] • if) ) ds 



t=o 
t=i 



It turns out that £^-(ip',ip") is well-defined. For the second argument, we can 



choose the smooth path ipt = t ■ ip, < t < 1. 



□ 



Remark 3.2. When (X,g) is a compact Kahler surface, the functional A3.12\) or 
\3.13\) coincides with the original one. 

Definition 3.3. Suppose that S is a non-empty set and A is an additive group. A 
mapping Af : S x S — > A is said to satisfy the 1-cocycle condition if 

(i) Af(<7i,o- 2 ) +A/"(cr 2 ,CTi) = 0; 

(ii) M(ax,a 2 ) +Af(o- 2 ,o- a ) +J\f{a 3 ,a 1 ) = 0. 

Corollary 3.4. TTie functional satisfies the 1-cocycle condition. 
Corollary 3.5. For any ip G and any constant C € R ; we Ziawe 



(3.14) 



+ <?) = <? 



Err^ (y>) 



In particular, if dduj — 0, then £^f(ip, ip + C) = C 
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Proof. We choose the smooth path ipt = V> + 1 ■ C, t € [0, 1], So 



i r 1 r „ , ,. i ^ 



C™{y,ip + C) = —JJ^C-ul +c . t dt = — J \C-u%dt 



x 



If furthermore 99a; = 0, then Err a) (</j) = for any y> G P^. □ 
Corollary 3.6. For any tpi,ip2 € 'Pw a* 1 ^ o^Z/ constant C€l, we /iaue 
(3.15) + C) = + C • (l - 

Proof. From Corollarv l3.4[ one has 

VI + C) + C(^ 2 , ¥>l) = C(^2, ^2 + C). 

Then the conclusion follows from Corollary 3.5. □ 

4. AUBIN-YAU FUNCTIONALS ON COMPACT COMPLEX SURFACES 

In this section we extend Aubin-Yau functionals to compact complex surfaces, 
including Kahler surfaces, and deduce a number of basic properties of these func- 
tionals. 

4.1. Aubin-Yau functionals on compact Kahler manifolds. Suppose that 
(X,u>) is a compact Kahler manifold of dimension n. For ((p',ip") € V u x V u , 
Aubin-Yau functionals are defined by 

(4.1) 2£V>v") = 4- /(v"-v')K--^»), 

(4.2) J^V) = --CjffaV) + 4" / fo>" 
By definition, we have 

(4.3) J^', p") + ^ AY (^", y/) = Z AY (^', p") = Z AY (^", <p'). 
For any <p € Vu> we set 

(4.4) I AY M = i- / 

(4-5) J A » = f^-^ds=±- f [ V { U »- U l v )d8. 

J0 s *oj JO Jx 

It's clear that 

(4-6) I AY M=Z AY (0,^), J™(<p)=J? l $,H>)- 



12 



YI LI 



By definition we have 



Vu> Jo Jx i=1 

/ s-ds / yddtpA Vw"- 1 ^ A[w + s( 

JO .-_ n 



i=0 
n-1 



« • da / v aa^J] w"- 1 - 4 A ^ . (1 - ay-'giu* 



Au), 



i=0 j=0 
n— 1 n— 1 / . \ -.1 



3=0 i=j 

n-1 



n-1 



A (i-i)!- (j + l)! 



n— 1 n — 1 

• dd(p a w™- 1 -^ a (A ■ y , 

^ * ^ (* + 2)(i + l) 



(t + 2)! 



i + i 



O) JX 



J=0 
n-1 



r f-j n + l 



Aw?„ 



n — 1 j 

5 (i + 2)(i + l) 



j+1 n + l 



On the other hand, 



n+l 



K 



, Jx^ * t Q n+l 



Hence 
(4.7) 



n + l 



A w? 



3=1 



Moreover, 
(4.8) 



n-1 



AW?, 



Remark 4.1. Notice that formulae J^.7[ ) and J^.<^[ ) are a/so vaZid w/ien w is non- 
ifdTiZer. 
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4.2. Aubin-Yau functionals over compact complex surfaces. Let (X,g) be 
a compact complex manifold of the complex dimension n and uj be its associated 
real (1, l)-form. From Remark 4.1, we can formally use the notion Z£ Y , J^ Y , and 
£jf , but now oj may not be Kahler. Precisely, for any <p G we set 



(4.9) T%{v) = ±- [ <p{u, n -u$ 

v u Jx 



(4-10) J$(<p) = / ~ds = - V {u n -u%)ds. 

Jo s v ^ Jo Jx 

Hence 
(4-11) 

Moreover, 

(4.12) (n+l)^( V )-X^M 

= — / ^-^AVfn-l-iK- 1 -^^. 
Jv J=0 

Restricting to compact complex surfaces and introducing two extra functionals 
on Vuj 

(4.13) AU<P) ■= ^TT [ f-V^BuAdip, 

(4.14) B u (tp) := JL [ p^A3 ft 

(clearly Aj(^) = (<£>)), we define Aubin-Yau functionals as follows (Here con- 
stants a, b, c, d are determined later, and actually a = b = c = d = 2) 

(4.15) l£ Y (<p) := Z^+a^M+M?^), 



(4.16) j£ (v) := -CM + ^r/ V^+a^^+W 



Since 



1 /* /2 2 1 1 o\ 

it follows that 

(4.17) J^) = J^) + (c - l)A,fo>) + (d l)B u {<p). 
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Using Remark I4~T1 or the previous subsection, we deduce 

- aJL(ip) - bB u (<p)) - {J» Y (<f) - (c - l)M<P) -iA- l)B u (<p)) 



V u Jx „•_-, 



A w> 



3=1 

Tddtp) 



Vui J X 6 



Thus the left hand side has two slightly different expressions. If we adopt the first 
one, we have 



f 



3VL jx 



f 



— / V-ldfa-ujAdtp = - Tr 



3VL 



^T(9(^ A cj^ + y> • <9w) A <9y> 



Tc?<£ A dip A uj v ~ -Au((f)- 



On the other hand, using the second expression gives 
2 



(l AY (ip) - aMf) ~ bBUf)) ~ (Jfiv) - (c - - (d- 1)^M) 



f 



1 



— / -v / -T9(v3 • ui v ) A dip = — 
oVaj J x 6Vu j x 



-ldip A dip A bJ v - -B u (<p)- 



/ ~^\{dip A bj<p + ip ■ du) A dip 



W u j x 



Therefore 
2 



(l^(cp) - aAufr) - bBM) - (j£ Y (<p) - (c - - (d - i)^M) 



l 



'—Idip A dip A 



or, equivalently, 



(4.18) J^M-^W 



1 

3K 



^-Ydip A dip A lu v 



ui JX 



where we require 
(4.19) 

Theorem 4.2. For any ip £ V^, one has 
(4.20) 



= §6-(d-l)4 



lxF(v)-tf Y M>o. 
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Using (|4~T2|) yields 



i /■ 1 



3 AwJ 



— / tp-(-V-ldd(p)Au 



(cp ■ ui) A (—V—lddtp) 



((p-u) A y/—ldd(f. 



u Jx 



As the proof of Theorem 14.21 we have 



3 07<f (¥>) ~ (c - l)A,foO - (d - l)B u (^)) - (2£ Y (?) - o4o,( V ) - &B w fo>)) 
-^j- / y/—ld(<p - to) A dtp = ^7- / v / -T(9< y 5 Aw + ^J- <3w) A cV 



Jx 



1 



(J JV 



— / V-ld(p A dip Au - 2Au(<p) 



and 



3 (J**(<p) - (c - l)A u (v) - (d - 1)B^)) - (# Y M - oA.fc) - MJ w fo>)) 



VL Jx 



—^J—ld{p ■ ui) A dip = 



VL 



— \/^l(dcp A oj + <p ■ duj) A dp 



u jx 



v u J X 



— I v—ldtp A dp A u - 2B u] (p). 



Hence 



3 (J^b) - (c - l)A^{p) - (d - 1)BM) - (X AY (^) - aAUv) - bB u (<p)) 



v uj JX 

Equivalently, 
(4.21) 



1 



— / V-ldpAdipAu- (A»(<p)+Bu{<p)). 



1 



Vui JX 



-ldp A dp A u, 



where we also require 

(4.22) 3(c-l)-o-l = = 3(d-l)-6-l. 

Theorem 4.3. For any <p € V^,, one has 

(4-23) 3jfM-I w AY M>0. 

Combining (|4.19l) and (|4.22|) we obtain the value of those constants: 
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Corollary 4.4. For any compact complex surface (X, g) and any real-valued smooth 
function ip G V u , we have 

\j AY {v) < ^ AY M < J™{*) < §Z* Y M < 2^ AY (^), 

where uj is its associated real (1, l)-form. 
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